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Introduction to adapted Wasserstein distances

Consider two-period random processes,
X = (Xl,Xz) ~ U, Y = (Yl,Yz) ~ V.
The Wasserstein distance between u and v,
W(p,v) = inf{E[|X — Y]] : 7 € Cpl(p,v)}

is often inadequate when considering time-dependent optimization prob-
lems such as optimal stopping problems. Denoting

LaW(Xl) — U1, LaW(X2 ‘ X1 — xl) = Uxy,
it is well-known that the adapted Wasserstein distance,
AW (u,v) =inf {E™ || X7 — V9| + W(ux,, vy,)| : 11 € Cpl(pg,11) }

address this issue.

The standard example

_1 = _1 =
0 1 2 0 1 2
Paths of }4 — %5(011) -+ %5(01_1) and v = %5(8,1) + %5(_&_1).

They are close in the Wasserstein sense, i.e., lim,_,o W (u,v) = 0, but they are
not close in the adapted Wasserstein sense, i.e., lim,_,o AWV (u,v) =1 # 0.

Motivation & Goal

Besides W < AW, relatively little is known about the metric space
(P1(IR?), AWW). We aim to answer the following question;

The answer is no in general. However, it follows from the classical theory
that on a AW);-relatively compact set K C P;(IR?), we have that for all ¢ > 0,

AW (u,v) <CW(u,v)+o, u,vek

where C depends on K and ¢. Our contribution is to characterize the depen-
dence of C on K and ¢ as follows;

e For any 0 < o <R,

AW(p,v) £ “W(jv) + g(RK) + h(0,K).

e A function ¢ characterizes the tail behavior outside a Euclidean ball of

radius R and limg .+ ¢(R,K) =0

¢ A function h is derived from the modulus of continuity and

Smooth adapted Wasserstein distances

The smooth adapted Wasserstein distance as

AW (1,v) = AW (1 Ny, v % Ny) where N, = N'(0,021).

Theorem (Blanchet, Larsson, Park, Wiesel, '24). For any ¢,R > 0,

AW (i) W) + [ ] (e N v N (d).
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Corollary (Blanchet, Larsson, Park, Wiesel, '24). Assume ,v € Pq(]RZ)
forg>land 0 <7 < 0.

Vo2 — 12

o 1-1/q
_LuHX‘q])l/EI_I_ (EVHY‘q])l/q) (W( ) (4 )) |

Corollary (Blanchet, Larsson, Park, Wiesel, "24). Assume u € Pq(IRZ) for
g > 4. If u, is the empirical measure of 7 i.i.d samples of y,

E[AW© (1, i) Sn 2

Smoothing and the modulus of continuity

The modulus of continuity of u is given as

wy(o) = sup{ 57 [W(P‘Xvﬂxi)} . 111 € Cpl(p1, 1), ﬂlHXl — X{H < (7}.

Upperbounds of A)V in terms of )V

From the triangle inequality,

AW (u,v) < AW(‘T)(y,v) + AV (u,ux Ny) + AW (v, v x Ny).

Corollary (Blanchet, Larsson, Park, Wiesel, '24). Assume K C P;(IR?) is
AW-relatively compact. For u,v € Kand 0 < ¢ < R,

R
AW (u,v) S —W(u,v) + sup x| y(dx) + sup(o + wy(0)).
o vek J{[x|>R} yeK

Corollary (Blanchet, Larsson, Park, Wiesel, "24). Assume u,v are sup-
ported on a bounded set F C R?* with a-Holder continuous kernels, i.e.

W (px, y) < L|x —y|*. Then
AW (1,v) S W (p,v)* 4 H,

Comparison of topologies

The decay of smoothing parameters ¢, determines the smooth adapted
Wasserstein topology as illustrated in the following diagram.

it W(u,un)/0,—0

=

W (1, 1,) — 0 AW (11,11,) — 0 == AW (1, 14,) — 0

ﬂ S~

if wy, (01)—0

AW (4, pin) — 0

If 0, decays slow enough, then A (on) (4, 1y ) mirrors W (u, uy). If 0, decays
fast enough, i.e. wy, () — 0, then AW (1, 1,,) and AW (1, 1) converge
towards the same value.

Generalization

e The same results hold for any finite time processes on Eudlidean spaces.

e Possible to choose any distributions as smoothing kernels as long as it
satisfies the mild growth condition, e.g., gaussian, compactly supported
measures.
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