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Wasserstein distance

> Let u be a probability measure on R?. Approximate w by its empirical
1 N L
measure puy = 3 2, dx; where Xi,---, Xy are i.i.d samples of p.

» |t is well-known that py converges to pas N — oo, e.g. LLN.

» Wasserstein distance is commonly used in quantitative analysis.
Definition (The p-Wasserstein distance)
Let p > 1 and p, v be probability measures on R¢.

1/p
W) = (ot [ x= s atexay)
TeCpl(p,v) Rd x RA

where Cpl(u,v) is a collection of couplings between p and v.

» Optimal transport problem: minimizing the cost of the transport.

» W, metrizes d-convergence.

» Application in data science, machine learning as well as finance.
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Concentration estimates

> Interested in how fast W,(p, un) deviates from 0. In other words, we
study deviation estimates of the form: for all x > 0 and N € N,

POVE (1, un) > x) < (N, x)

such that a(N,x) — 0 as N — oo.

> Existing results on RY: Bolley—Guillin-Villani('07), Golzan-Léonard('07),
Boissard('11), Fournier—Guillin('15).

> Existing results on general spaces: Dedecker—Fan('15), Weed—Bach('19),
Lei(’20).
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Fournier—Guillin rates

Theorem (Fournier—Guillin, '15).
Suppose p is compactly supported. Then for all N > 1 and x > 0,
P(WE (s, i) > x) < Ce_CN”X)]l{XSA}

where o(x) = x* if p > d/2, o(x) = (x/log(2 + 1/x))? if p=d/2 and
o(x) = x4Pif p e [1,d/2).

» Constants ¢, C, A > 0 depend on d, p and supp(u).
> For small dimension d, v/NW?(u, uv) has subgaussian tails.

» As the dimension d gets larger, the estimate becomes weaker.

> |t implies
N2 if p>d/2
E[W5 (1, )] < € S log(N +1)N~2if p=d/2
NP/ if pel,d/2)

which are known to be optimal (up to logarithmic terms when p = d/2).
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Extension

How to extend the Fournier—Guillin rate to unbounded probability measure p?

POVS (1, ) > x) < Ce_CN*p(X)]l{XSA} + “error term”.

» Existing results suggest that
]P(Wﬁ(mu/v) > x) < Cem M [ py + P(Mp (i) — Mp() > x)

for Mp(1) = [za ly1” u(dy) and My(un) = [ ly1” pn(dy).
> ConS|stent with the compact case because

2 o(x
P(Mp(un) — Mp(p) > x) < Ce ™ Tixcay < Ce™ Ml )ﬂ{ng}~
> My/P(un) — My/P(1) is a lower bound of Wo(u, uin), e.g. when p =1,
P(Mp(pun) = Mp(p1) > x) < POV (1, i) > x).

» The mean-deviation probability P(M,(un) — My(pt) > x) is well-studied.
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Main result
Consider the optimal transport cost & which is

Hpv) = _nf [ (b= yn(dedy)
TECPI(1,v) Jrd xR

e.g when f(r) =rP, 2 =W5.

Growth condition

f > 0 is lower semicontinuous and satisfies supy,<g -, ( ) < o0 forall R > 0.

Theorem

Under certain moment conditions on y, for all N > 1 and x > 0,

P(2(p, pn) > x)
< Ce Mg cm +P (/ G(lylnun(dy) — / G(ly[u(dy) > X)

where G is a nondecreasing function such that

F(Ix = y1) < G(Ix|) + G(ly|) for all x,y € R”.

» The moment condition mentioned above can be made explicit.
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. Oy — P
Examples: ¥ =W,
It provides estimates for W, when Mg(u) < oo for some g > 2p.

Corollary
Suppose Mg(1) < oo for some g > 2p.

POWVS (1, ) > x) < Ce™ M1 oy + B(Mp(in) — Mp(p) > x).

The mean-deviation probability P(M,(un) — Mp(p) > x) is well-studied.
> Let Xi,- -, Xy be i.i.d samples of .
» Then

b(1n) NZIXI" My() = E[X ).

» Deviation of the empirical mean from the true mean.

» Good estimates are well-known, e.g. under the same assumption,

P(My(1n) = Mp(1z) > x) < € (e,chz + ﬁ) ~
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Comparison with existing results

Examples

Suppose Mg(p) < oo for some g > 2p.

S N
P(W5 (1, ) > x) < Ce™ M0y + CW'

Theorem (Fournier—Guillin, '15)
Under the same assumption, for € € (0, q/p).

=@ X N
POWE(k, ) > %) < Ce™ MLy + C ez

» Constants are not necessarily the same.
» |t improves the estimate by Fournier—Guillin for fixed xo > O,

C

p =
]P)(WP (1“‘7 /“LN) > XO) < N(a—p)/p—e "

P -
P(WP(N7 /“LN) > XO) S N(qu)/p’

» Improves the existing results under different assumptions.
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Examples: 2 = W5

There is a different version of Theorem that works under more relaxed moment
conditions.

> As a special case, it gives estimates for W, when My(u) < oo for some
q>p.
» No known results for p < g < 2p.
Corollary (p > d/2)
Suppose Mg(1) < oo for some p < g < 2p. Fixe € (0,1 — p/q).

1—p/q—e),2 N
T ey + Cns

P — e
POWE (p, ) > x) < Ce G

» When g > 2p, recall that

» —eNp(x) N
P(WE (1, i) > x) < Ce Loesty + Cryare

» Under relaxed assumptions, the estimate becomes weaker:

—cN2(1—p/a—e) 2

CeiCN";(X)]l{Xgl} < Ce 1{x§1}~
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Examples: 2 # W5
Let p > 1. Consider

Ep(p, pn) = inf / (e‘x_”p - 1) m(dx, dy).
Rd xR

meCPI(p,1n)

> f(r)= e — 1 satisfies the growth assumption.

> No known results.

Corollary (deviation estimates)
Suppose [,4 e?"1° 1i(dy) < oo for some
2%t ifp>d/2

b>{ 4rd
d—p

if pe[1,d/2).

Then

—cNp(x N
P(Ep (1, un) > x) < Ce el )]l{xgl} + CW.
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Concentration inequalities imply following moment bounds:

Corollary (moment bounds)

Under the same assumptions,

N2 if p>d/2
E[& (1, pn)] < C { log(N +1)N~2 if p=d/2
NP4 if pe[l,d/2).

» These bounds can be achieved (up to logarithmic term when p = d/2).

» As far as general laws are concerned, the moment bound mentioned above
are sharp.
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Idea of proof

Combine the Fournier—Guillin rate for compactly supported measures with
empirical process theory.

1. Partition R? into some compact sets {Ak}kzl and apply Fournier—Guillin
rates to each AX.

2. Use bounds on the uniform deviation of self-normalized empirical process
to control error terms.

Lemma (extension of Vapnik—Chervonenkis, '74)

Forall6 >0, N>1and x >0,

ky k
. (supzm ((A%) = (A X) p—
1 H(AF)
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Thank you !

arXiv: 2305.18636
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